Abstract. In this paper, we answer two questions on local h-vectors, which were asked by Athanasiadis. First, we characterize all possible local h-vectors of quasigeometric subdivisions of a simplex. Second, we prove that the local γ-vector of the barycentric subdivision of any CW-regular subdivision of a simplex is nonnegative. Along the way, we derive a new recurrence formula for the derangement polynomials.
Introduction
The classification of face numbers of (triangulated) spaces is an important and central topic not only in algebraic and geometric combinatorics but also in other fields, as e.g., commutative and homological algebra and discrete, algebraic and toric geometry. The studied classes of spaces comprise abstract simplicial complexes, triangulated spheres and (pseudo)manifolds but also not necessarily simplicial objects such as (boundaries of) polytopes and Boolean cell complexes. In 1992, Stanley [14] introduced the so-called local h-vector of a topological subdivision of a (d − 1)-dimensional simplex as a tool to study face numbers of subdivisions of simplicial complexes. His original motivation was the question, posed by Kalai and himself, if the (classical) h-vector increases under subdivision of a Cohen-Macaulay complex. Using local h-vectors Stanley could provide an affirmative answer to this question for so-called quasi-geometric subdivisions. The crucial property of those, that he used, is that their local h-vectors are nonnegative; a property, which is no longer true if one considers arbitrary topological subdivisions.
Complementing results by Chan [9] , one of our main results shows that -except for the conditions that are true for any local h-vector -nonnegativity already characterizes local h-vectors of quasi-geometric subdivisions entirely. More precisely, we show the following: Theorem 1.1. Let = ( 0 , . . . , d ) ∈ Z d+1 . The following conditions are equivalent:
(1) There exists a quasi-geometric subdivision Γ of the (d − 1)-simplex such that the local h-vector of Γ is equal to .
(2) is symmetric (i.e., i = d−i for 0 ≤ i ≤ d), 0 = 0 and i ≥ 0 for 1 ≤ i ≤ d − 1.
We want to remark, that it already follows from [14] that the local h-vector of any quasi-geometric subdivision satisfies (2) . To prove Theorem 1.1, it therefore suffices to construct a quasi-geometric subdivision Γ having a prescribed vector = ( 0 , . . . , d ) ∈ Z d+1 , satisfying (2) , as its local h-vector. For this, we will extend constructions by Chan [9] who provided characterizations for local h-vectors of regular and topological subdivisions.
As the local h-vector is symmetric [14] it makes sense to define a local γ-vector, which was introduced by Athanasiadis in [2] and is defined in the same way as is the usual γ-vector for homology spheres. The central conjecture for local γ-vectors is the following, due to Athanasiadis [ It can be shown that this conjecture is indeed a strengthening of Gal's conjecture for flag homology spheres [12, Conjecture 2.1.7] and, in particular, implies the CharneyDavis conjecture [10] . Conjecture 1.2 is known to be true in small dimensions [2] and for various special classes of subdivisions, including barycentric, edgewise and cluster subdivisions of the simplex [2, 5, 3] but besides it is still widely open. We add more evidence to it by showing the following: Theorem 1.3. Let Γ be a CW-regular subdivision of a simplex. The local γ-vector of the barycentric subdivision sd(Γ) of Γ is nonnegative.
The proof is based on an expression of the local h-vector which involves differences of h-vectors of restrictions of the subdivision and their boundary as well as derangement polynomials (Theorem 4.4). The nonnegativity is then concluded from a result on these differences by Ehrenborg and Karu [11] . As a byproduct of our proof we obtain a new recurrence formula for the derangement polynomials (Corollary 4.2).
We point out that the local h-vector, and therefore the local γ-vector, not only depends on the combinatorial type of sd(Γ) but also on the subdivision map. In Theorem 1.3, we are considering the natural subdivision map of the barycentric subdivision, which will be explained in Section 2.3. The paper is structured as follows. In Section 2, we provide the necessary background, including basic facts on simplicial complexes, topological subdivisions and more specifically barycentric subdivisions. Section 3 is devoted to the characterization of local h-polynomials in the quasi-geometric case (Theorem 1.1). Finally, in Section 4 we prove Theorem 1.3.
Preliminaries
First we provide some background material on simplicial complexes, their subdivisions and (local) h-vectors.
2.1.
Simplicial complexes and their face numbers. Given a finite set V , a simplicial complex ∆ on V is a family of subsets of V which is closed under inclusion, i.e., G ∈ ∆ and F ⊆ G implies F ∈ ∆. The elements of ∆ are called faces and the inclusion-maximal faces are called facets of ∆. The dimension of a face F ∈ ∆ is given by |F | − 1 and the dimension of ∆ is the maximal dimension of its facets. If all facets of ∆ have the same dimension, ∆ is called pure. We define the link of a face F ∈ ∆ to be
Often it is more convenient to work with the h-vector h(∆) = (h 0 (∆), . . . , h d (∆)) of ∆, which is defined by
Regarding this vector as a sequence of coefficients yields the h-polynomial
We refer the reader to [15] for further background material.
2.2.
Subdivisions and local h-vectors. The notion of local h-vectors goes back to Stanley [14] and we recommend this article as a detailed reference (also see [4] ). Throughout this section, V will always denote a nonempty finite set of cardinality d.
A topological subdivision of a simplicial complex ∆ is a pair (Γ, σ), where Γ is a simplicial complex and σ is a map σ : Γ → ∆ such that, for any face F ∈ ∆, (1) Γ F := σ −1 (2 F ) is a subcomplex of Γ which is homeomorphic to a ball of dimension dim(F ). Γ F is called the restriction of Γ to F . (2) σ −1 (F ) consists of the interior faces of Γ F .
Following Stanley [14] , we call the face σ(G) ∈ ∆ the carrier of G ∈ Γ. We also want to warn the reader not to confuse the notation Γ F with the induced subcomplex of Γ on vertex set F , which might even consist just of the vertices in F . Also, note that it directly follows from condition (1) that σ is inclusion-preserving, i.e.,
In what follows, we often just write subdivision instead of topological subdivision if we are referring to a subdivision without additional properties, and we say that Γ is a subdivision of ∆ without referring to the map σ if this one is clear from the context. Let Γ be a subdivision (Γ, σ) of a simplicial complex ∆. We say that (Γ, σ) is quasi-geometric if there do not exist E ∈ Γ and F ∈ ∆ with dim(F ) < dim(E) such that σ(v) ⊆ F for any vertex v of E. The subdivision (Γ, σ) is vertex-induced if for all faces E ∈ Γ and F ∈ ∆ such that every vertex of E is a vertex of Γ F , we have E ∈ Γ F . Moreover, (Γ, σ) is called geometric if the subdivision Γ admits a geometric realization that geometrically subdivides a geometric realization of ∆. Finally, we say that (Γ, σ) is regular if the subdivision is induced by a weight function, i.e., it can be obtained via a projection of the lower hull of a polytope (see [14, Definition 5.1] ). We have the following relations between those properties:
{topological subdivisions} {quasi-geometric subdivisions} {vertex-induced subdivisions} {geometric subdivisions} {regular subdivisions}, where all containments are strict. Figure 1 shows examples of subdivisions of the 2-simplex that are (a) regular, (b) geometric but not regular, (c) quasi-geometric but not vertex-induced and (d) not even quasi-geometric. A subdivision that is vertexinduced but not geometric is harder to depict but can be found in [9] . Figure 1 . Examples of subdivisions of the 2-simplex.
In 1992, Stanley introduced the local h-vector of a subdivision of a simplex as a tool to study the classical h-vector of the subdivision of a simplicial complex.
is called the local h-polynomial of Γ (with respect to V ) and the vector
) is referred to as the local h-vector of Γ (with respect to V ).
To make this article self-contained, we now summarize some of the most important properties of local h-vectors that will be used later on (see also [4, Theorem 2.6] ). For this, we recall that a sequence (a 0 , a 1 , . . . , a m ) ∈ N m+1 is called unimodal if there
Theorem 2.2 (Stanley [14]).
(1) Let ∆ be a pure simplicial complex and let Γ be a subdivision of ∆. Then:
(2) Let V = ∅ and let Γ be a subdivision of 2 V . Then:
It was shown by Chan [9] that the conditions in (2(a)) already characterize local h-vectors of topological subdivisions. Adding unimodality, one obtains the characterization of local h-vectors of regular subdivisions. We will complete this picture by showing in the next section that indeed every vector satisfying the conditions in (2(a)) and (2(b)) occurs as the local h-vector of a quasi-geometric subdivision.
In the following, let Γ be a subdivision of 2 V . As by Theorem 2.2 (2(a)) V (Γ) is symmetric, we can express the local h-polynomial V (Γ, x) uniquely in the polynomial basis {x
is called the local γ-vector of Γ (with respect to V ). The local γ-vector is known to be nonnegative for flag vertex-induced subdivisions in dimension ≤ 3 [2] and for special classes of subdivisions including barycentric, edgewise and cluster subdivisions of the simplex [2, 5] . More generally, any symmetric polynomial p(x) with center of symmetry n/2 is called γ-nonnegative if the coefficients γ k given by
are nonnegative.
CW-regular subdivisions.
The definition of topological subdivisions can be naturally extended to regular CW-complexes [14, §7] . For a regular CW-complex Γ, we write P (Γ) for the face poset of Γ. A CW-regular subdivision of a simplicial complex ∆ is a pair (Γ, σ), where Γ is a regular CW-complex and σ : P (Γ) → ∆ is a map satisfying the conditions (1) and (2) of topological subdivisions. Given a regular CW-complex Γ, its barycentric subdivision sd(Γ) is the simplicial complex, whose i-dimensional faces are given by chains
where τ j ∈ P (Γ) is a non-empty face of Γ (0 ≤ j ≤ i). It is well-known that Γ and sd(Γ) are homeomorphic. Then, for a CW-regular subdivision (Γ, σ) of a simplicial complex ∆, sd(Γ) can be naturally considered as a subdivision of ∆ by the map
When we consider the local h-polynomials of sd(Γ), we always consider the local h-polynomial using the above map σ .
2.4. Derangement polynomial. Let V be a set of cardinality d. It is easy to see that the barycentric subdivision sd(2
where A(d, i) are the Eulerian numbers, counting the number of permutations in the symmetric group S d on d elements with exactly i descents. Recall that a descent
Similarly, there is an expression of the local h-vector V (sd(2 V )) of sd(2 V ) involving permutation statistics. An excedance of a permutation π is an index 1 ≤ i ≤ d such that π(i) > i. We write exc(π) for the number of excedances of π, i.e.,
A permutation π ∈ S d is called a derangement if it does not have any fixed point. We denote by D d the set of derangements in S d . The derangement polynomial of order d is defined by
It is convenient to set d 0 (x) = 1. These polynomials were first studied by Brenti in [7] . It is not hard to see (see also [14, Proposition 2.4.] ) that the local h-polynomial of sd(2 V ) is given by
It was shown in [17] that derangement polynomials, and thus the local h-polynomial of sd(2 V ) is γ-nonnegative.
Characterization of local h-polynomials
In this section, we provide a characterization of local h-vectors of quasi-geometric subdivisions. This complements work by Chan [9] , who showed that local h-vectors of topological and regular subdivisions are completely characterized by their properties in Theorem 2.2 (2). In particular, we prove Theorem 1.1 by extending her main idea.
As local h-vectors of quasi-geometric subdivisions are known to be symmetric and nonnegative with first entry equal to 0 (see Theorem 2.2 (2)), we only need to show that the conditions in (2b) are also sufficient. Let = ( 0 , . . . , d ) ∈ Z d+1 be fixed and assume that satisfies the conditions in Theorem 1.1 (2). We will explicitly construct a quasi-geometric subdivision Γ of a (d−1)-simplex 2 V with V (Γ) = . The basic idea is to find operations on a subdivision ∆ of a simplex that preserve quasi-geometricity, change the local h-vector of ∆ in a prescribed way and such that can be realized as local h-vector of a subdivision obtained by successively applying these operations.
In
(O1) Let (stel Γ (F ), σ ) be obtained from Γ by stellar subdivision of a facet F of Γ, where σ (z) = σ(F ) for the new vertex z. Then: 3-simplex -these constructions suffice to generate any symmetric vector ∈ Z d+1 with 0 = 0 and 1 ≥ 0. Moreover, both, the stellar subdivision (O1) and the join operation (O3), maintain regularity of a subdivision and any symmetric and unimodal vector ∈ Z d+1 with 0 = 0 can be constructed by their successive application [9] . It is straight forward to show that that stellar subdivision (O1) and the join operation (O3) behave well with respect to quasi-geometricity.
Lemma 3.1. Let Γ be a quasi-geometric subdivision of 2 V . Then:
Even though, P Γ (G) (if defined) might not be quasi-geometric (even if Γ is), the next lemma shows that this obstruction can be "repaired" with just one additional stellar subdivision.
Let w be the new vertex of P Γ (G). Then the subdivision stel P Γ (G) (G ∪ {w}) obtained by first pushing G into the interior of Γ and then stellarly subdividing the new facet G ∪ {w} is a quasi-geometric subdivision of 2 V . Moreover, Figure 3 shows stel P Γ (G) (G ∪ {w}) in the case that Γ is just a 3-simplex.
Proof. To simplify notation, we set Γ := stel P Γ (G) (G ∪ {w}). The claim about the local h-vector follows immediately from the definition of the used operations (see also [9] ).
It remains to verify that Γ is a quasi-geometric subdivision of 2 V . We denote by σ 1 : Γ → 2 V the map corresponding to the subdivision Γ of 2 V and by σ 2 : Γ → Γ the subdivision map of Γ (as a subdivision of Γ). The subdivision map of Γ as a subdivision of 2 V is then given by σ := σ 2 • σ 1 . Let z be the newly added vertex when applying stellar subdivision to G ∪ {w}.
We first note that by definition of Γ and σ we have
Given a face E ∈ Γ , we need to show that the following condition, referred to as condition (QG) in the sequel, is satisfied:
Let E ∈ Γ ∩ Γ \ {G}. In this case, we have σ(E) = σ 1 (E) and σ(u) = σ 1 (u) for all u ∈ E. As Γ is quasi-geometric, it follows, that E satisfies condition (QG).
Similarly, we have σ(u) = σ 1 (u) for all u ∈ G and as Γ is quasi-geometric, condition (QG) holds for G.
It remains to consider faces E ∈ Γ \ Γ. First assume z ∈ E. As σ(z) = V by construction and |V | = d, those faces satisfy condition (QG). Suppose that z / ∈ E. As E / ∈ Γ, we must have that w ∈ E. Since z / ∈ E, we can further conclude that
(Indeed, any facet containing w also contains z.) Combining this with the fact that σ(w) = σ 1 (G) is of dimension d − 2 (by assumption) we get that E meets condition (QG). The claim follows.
We can finally provide the proof of Theorem 1.1, i.e., the desired characterization of local h-vectors of quasi-geometric subdivisions.
Proof of Theorem 1. [4] ). This example is obtained by applying the operation defined in Lemma 3.2 to the 3-simplex (see Figure 3) and has local h-vector (0, 1, 0, 1, 0). Nevertheless, no geometric or even just vertex-induced Based on a lot of experiments and a great vain effort to construct counterexamples we are inclined to believe that the latter is indeed the case.
Local γ-vectors of barycentric subdivisions
In this section, we provide the proof of Theorem 1.3, i.e., we show that the local γ-vector of the barycentric subdivision of any CW-regular subdivision of a simplex is nonnegative. This answers Question 6.2 in [2] in the affirmative.
As an example of the type of subdivision we are interested in, Figure 4 depicts the barycentric subdivision of the stellar subdivision of the 2-simplex. Lemma 4.1. Let V be a finite set with |V | = d and let ∆ be a subdivision of the simplex 2 V . The local h-polynomial of ∆ can be written as
Here, ∂∆ denotes the boundary of ∆.
Proof. First, note that for any F V the link of F in 2 V respectively in ∂(2 V ) is a (|V | − |F | − 1)-simplex respectively its boundary. Hence,
Applying (2.2) to ∆, we obtain
Similarly, viewing ∂∆ as a subdivision of ∂(2 V ) and using that (∂∆) F = ∆ F for F V , the h-polynomial of ∂∆ can be written in the following way:
Subtracting (4.2) from (4.1) yields
Using (2.3) and the fact that sd(2 V ) has the same h-polynomial as its boundary (since it is just the cone over it), we get the following recurrence formula for the derangement polynomials as a special case of Lemma 4.1 when ∆ = sd(2 V ). We recall that d 0 (x) = 1 by definition.
To the best of our knowledge this formula seems to be new, as we could not find it in the literature. Note that it directly implies the unimodality of d n (x). Remark 4.3. We also found a purely combinatorial proof of Corollary 4.2 using a similar recurrence formula for the Eulerian polynomials. This proof will appear in the PhD thesis of the third author.
The next theorem is crucial in the proof of Theorem 1.3.
Theorem 4.4. Let V = ∅ be a finite set and let ∆ be a subdivision of the simplex 2 V . The local h-polynomial of ∆ can be written as
Proof. To simplify notation, we set
We show the claim by induction on |V |. If |V | = 1, both sides in (4.3) are equal to 0 and the claim is trivially true. Assume |V | ≥ 2. By Lemma 4.1 and the induction hypothesis, we have
where the last equality follows from Corollary 4.2. 
However, h(∆ ∅ , x) − h(∂(∆ ∅ ), x) = 1 and all negative terms on the right-hand side of (4.3) cancel out. We retrieve the recurrence formula from Corollary 4.2:
(2) Let ∆ be the barycentric subdivision of the stellar subdivision of the 2-simplex, as depicted in Figure 4 .
The right-hand side of (4.3) is
which is indeed equal to the local h-polynomial of ∆ (see Figure 4) .
We now prove Theorem 1.3. Let Γ be a CW-regular subdivision of a simplex 2 V . Then, by applying the special case of Theorem 4.4 when ∆ = sd(Γ), we obtain
Since we already know that d k (x) is γ-nonnegative and since the product of two γ-nonnegative polynomials is γ-nonnegative, the next result due to Ehrenborg and Karu [11] completes the proof of Theorem 1.3. 
is called the ab-index of Γ. Note that by substituting a = 1 to Ψ Γ (a, b) we obtain the h-polynomial of sd(Γ), that is,
Proof of Theorem 4.6. Let Γ be a regular CW-complex which is homeomorphic to a (d − 1)-dimensional ball. Then the face poset of Γ is near-Gorenstein* in the sense of [11, Definition 2.2] (indeed, the near-Gorenstein* property is an abstraction of being a ball), and [11, Theorem 2.5] says that there is a nonnegative homogeneous polynomial
By substituting a = 1 in the above equation, we see that
coincides with the polynomial h(sd(Γ), b) − h(∂(sd(Γ)), b). On the other hand, since Φ(c, d) is homogeneous and nonnegative, there exist nonnegative integers γ 0 , γ 1 , γ 2 , . . . such that
The two equations (4.4) and (4.5) guarantee the γ-nonnegativity of h(sd(Γ), b) − h(∂(sd(Γ)), b).
As γ-nonnegativity implies unimodality, we obtain the following immediate corollary. For example, it follows from [6, Theorem 1.2] that, if ∆ is the r th edgewise subdivision of any topological subdivision of a simplex and if r is sufficiently large, then we have h j (∆ F ) ≥ h |F |−j−1 (∆ F ) for j < |F |/2 (see [8, §6] for a connection between edgewise subdivisions and Veronese subrings). As explained above, this implies the unimodality of h(∆ F , x) − h(∂(∆ F ), x), and hence the unimodality of the local hpolynomial of ∆ by Theorem 4.4.
Although the polynomials h(∆ F , x) − h(∂(∆ F ), x) may have negative coefficients in general, the previous remark suggests to study the following problem: Problem 4.9. Find classes of subdivisions ∆ such that h(∆ F , x) − h(∂(∆ F ), x) is nonnegative, unimodal or γ-nonnegative. Moreover, for those classes try to find a combinatorial interpretation of the coefficients of h(∆ F , x) − h(∂(∆ F ), x) respectively the coefficients of its γ-polynomial.
Possible subdivisions one might consider include chromatic subdivisions (see [13] ), interval subdivisions (see [16] ) or partial barycentric subdivisions (see [1] ). With respect to the second part, one could e.g., study the barycentric subdivision of the cubical barycentric subdivision of the simplex (see [4, Remark 4.5] ) which belongs to the class of subdivisions considered in Theorem 1.3 (this question was raised by Christos Athanasiadis).
In personal communication with Christos Athanasiadis, he asked us if Theorem 1.3 can be extended to relative local γ-vectors (see [4] for the precise definition). We include this question as a reference for future research. Question 4.10. Given a CW-regular subdivision Γ of a simplex and E ∈ Γ, is the relative local γ-vector of the barycentric subdivision sd(Γ) of Γ at E nonnegative?
